Abstract. We discuss smoothness of geodesics in Riemannian and Finsler metrics.
Introduction
In this paper we improve and generalize a result of Calabi and Hartmann in [CH70] . They study smoothness of isometries between equal-dimensional manifolds with α-Hölder continuous Riemannian metrics and prove that each isometry is of class C 1,α . The main tool in the proof is Theorem 3.1 of [CH70] , stating that geodesics in α-Hölder Riemannian metrics are uniformly C 1,α , but the proof of this theorem is not correct. Although the result on the smoothness of isometries is true, as Taylor has shown by a different method in [Tay] , Theorem 3.1 is wrong for α < 1.
Indeed one of our results is the following: Actually it seems to be possible but technically not trivial to construct an α-Hölder continuous Riemannian metric for which some geodesic γ is not C 1,l for all l > β. This would show that there are manifolds (of different dimensions) with α-Hölder Riemannian metrics and a distance-preserving embedding of one of them into another that is at best C 1,β , in contrast to the C 1,α smoothness of isometries shown by Taylor.
Remark 1.1. If α goes to 1, then the regularity of geodesics is almost C 1,α , whereas if α goes to 0, one only gets a bit more than half of the expected regularity! In contrast to this result the first author proved in [Lyt] that geodesics in C This result should be compared to the theorems of Nash, stating that each manifold with a continuous Riemannian metric has a C 1 arcwise isometric embedding into some R n and that for k ≥ 3 each Riemannian manifold with a C k -Riemannian metric has a C k arcwise isometric embedding into some Euclidean space.
Remark 1.2. For α = 1 a statement similiar to Corollary 1.2 still holds, but for another reason. Namely, it is shown in [Lyt] that each C 1,1 submanifold of a smooth Riemannian manifold has curvature bounded from both sides with respect to the inner metric, whereas it is certainly not true even for a general Riemannian metric of class C 1,l , for any fixed l < 1. ) is at least A||t − s|| l far away from the straight line η connecting γ(t) and γ(s). Considering a Banach space metric on M induced by a norm | · | x for each x, we see from the fact that the norms are sufficiently convex, that the length of γ is much bigger than the length of η with respect to this norm. Now using the fact that the lengths of η and γ with respect to this norm do not differ too much from their actual lengths in M , one gets a contradiction if γ is a geodesic. The idea of Hartman and Calabi, in order to prove Theorem 1.3, was to compute the lengths of η and γ relative to a tangent space at the fixed point γ(t 0 ). A better estimation providing Theorem 1.4 is achieved by comparing at each t the quantities |γ (t)| γ(t) and |η (t)| η(t) .
After preliminaries in Section 2, in Section 3 we study Hölder continuous Finsler structures, discuss examples and basics of the structure and recall the comparisons of Calabi and Hartmann of lengths of curves measured in M , with their lengths with respect to the constant Finsler structure | · | x = | · | x 0 . In Section 4 we prove Theorem 1.3 and Theorem 1.4. Finally in Section 5 we prove Theorem 1.1 by giving a counterexample to the result of Calabi and Hartman.
We are grateful to Werner Ballmann and Juan Souto for helpful suggestions. We are indebted to Reiner Schätzle for indicating a mistake in the previous version of our counterexample. We are also thankful to Jonathan Wahl for bringing the work of Michael Taylor to our attention.
Preliminaries
Let us start with some basic conventions that shall be followed throughout this work. A geodesic in a metric space X is an arclength parametrised curve γ :
By || · || we will denote the Euclidean norm in Euclidean spaces. Given a C t manifold M a chart is a C t diffeomorphism which sends an open subset of R n onto an open subset of M . We shall always omit the neighbourhood in M and identify a chart with its image in R n .
Hölder maps.
Let M and N be locally compact spaces. Let F be a family of maps f a :
Definition 2.1. We will say that the family F is locally uniformly α-Hölder, if for all compact subsets
Since M and N are by definition locally compact, the family F is locally uniformly α-Hölder if and only if the condition of Definition 2.1 is satisfied for all open relatively compact subsets
The following lemma is in fact a consequence of a more general Lemma 2.2. However we state the lemma and give a proof for later reference in the case of curves.
α we obtain the result.
In particular this shows that under the conditions of Lemma 2.1 the distance between γ(r) and the affine line through γ(a) and γ(b) is at most C|b − a| 1+α .
Definition 2.2. A family
n is called locally uniformly C 1,α if the family is locally uniformly Lipschitz and the familyF of differentialsf a = (f a , Df a ) :
We will need the following characterisation of locally uniformly C 1,α families. That result is given as Lemma 2.1 in [CH70] .
Lemma 2.2. A family F of locally uniformly Lipschitz maps f
Since the composition of C 1,α maps is again C 1,α , the notion of a C 1,α manifold is well defined. Moreover one can speak about locally uniformly C 1,α families of maps between two C 1,α manifolds.
2.3. Norms of convexity type p. Let (V, | · |) be a (finite-dimensional) normed vector space. Recall that the modulus of convexity δ = δ |·| of the norm is defined by
(See [LT79] , pp. 59 -66, for further discussion on this.) Definition 2.3. Let κ > 0, p ≥ 2 be given. We will say that the norm . More generally, the statement that the norm on V is κ-convex of type 2 is equivalent to the fact that the second fundamental form of the unit sphere S of V is bounded below by a constant = (κ) > 0.
We can now reformulate the definition in a way we will use it: In other words, for all v ∈ R n with ||v|| ≤ 1 and for all x, y in a relatively compact set V of U , one has || |v| x − |v| y || ≤ C||x − y|| α for some constant C = C(V ). From the considerations above the following is clear. 
The last example is probably the most interesting one.
Example 3.3. Let M 1 , M 2 be two manifolds with boundaries N 1 , N 2 . Let g 1 resp. g 2 be Riemannian metrics on M 1 and on M 2 . Assume that there is a C 1,α diffeomorphism φ : N 1 → N 2 with φ * (g 2 ) = g 1 . Consider the manifold M that arises from gluing M 1 and M 2 along the identifications of their boundaries given by the isometry φ. The manifold M is C 1,α , and the Riemannian metric g that coincides with g 1 on M 1 and with g 2 on M 2 is C α . It is interesting to note that even if M, N 1 , N 2 and φ are smooth, the resulting metric g is not better than Lipschitz. It can be smooth only in very special cases. Usually it does not even have locally one-sided curvature bounds (compare [Kos02b] and [Kos02a] ).
3.2.
Comparison to the tangent spaces. Since all our results are of local nature we will restrict ourselves for the rest of the section to a chart U ⊂ R n , that is, a convex subset of R n . So let | · | be a continuous Finsler structure on U . We can assume (considering a relatively compact subset of U instead of U ) that the function o U (r) = o(r) as defined above is finite and bounded above by C 1 > 2 for all r. Moreover, for all x ∈ U we have
Hence for the Finsler metric d and all x, y ∈ U one has
For a Lipschitz curve γ : [a, b] → U we will denote its Euclidean length by L (γ). For each x ∈ U we denote by L x (γ) the length of γ in the normed space (
We will refer to this length as the length relative to x. From our assumptions on U we see that
The following lemma allows us to control the relative lengths of curves in terms of their actual lengths.
Proof. We may assume that γ is parametrized by the Euclidean length. Then
||). Since ||x − γ(t)|| ≤ t and the function o is non-decreasing, we get
Using the same argument of the proof of Lemma 3.1 one can also prove the following lemma, which allows us to compare the relative lengths of a curve.
for all x, y ∈ U .
The following results are immediate applications of Lemma 3.1. In the case o(r) ≤ Cr α , where C = C(U ) is a constant depending only U and 1 ≥ α > 0, we obtain:
The smoothness of geodesics
Let M be a manifold with a C α Finsler structure. We have already noted that the statements are of local nature. Therefore from now on we fix a chart U on M and assume that U is an open ball in R n with a C α Finsler structure. We denote by d the Finsler metric and by || · || the Euclidean metric on U , and | · | x denotes the norm at point x induced from the Finsler structure. We assume that all the constants introduced in Section 3.2 are the same. Thus let C > 2 be a constant, such that for all x ∈ U we have
1+α . Moreover, we assume that for all x, y in U and for all Lipschitz curves γ in U starting at x one has
and Denote the geodesic sub-segment of γ connecting x and y by γ 1 . By Corollary for all x, y and v with ||v|| = 1, we obtain e, h a ≤ 10C 2 (||e + h|| + ||e − h||)||a|| α ≤ 10C 2 ||a|| α . We decompose γ(t) as γ(t) = f (t)e + v(t), with v(t) ∈ H and f (t) ∈ R. By Theorem 1.3 the geodesics are uniformly locally C 1, α 2 . Therefore f and v are of class C 1 and by Lemma 2.1 choosing h small enough we may assume ||v (t)|| ≤ for arbitrary small > 0. Since |γ (t)| γ(t) = 1 we see that f (t)|e| γ(t) ≥ 1 − .
Consider the straight line η : [−h, h] → U between x and z parametrised by η(t) = f (t)e. We see that γ(t) = η(t) + v(t). Moreover, 1 − f (t)|e| γ(t) ≤ and ||v (t)|| ≤ for arbitrary , and we can use Remark 4.2 to obtain
where C = max{ 
